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Abstract - We study existence and regularity properties of solutions to the singular p-Laplacean 
Oh ' parabolic system in a bounded domain Q. The main purpose is to prove global L r (e, T; L q (Q,)), 

■ e > 0, integrability properties of the second spatial derivatives and of the time derivative of the 

solutions. Hence, for suitable p and exponents r, q, by Sobolev embedding theorems, we deduce 
global regularity of u and Vtt in Holder spaces. Finally we prove a global pointwise bound for 
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This note deals with the existence and regularity of solutions to a singular non-linear, 
second order, parabolic system, under Dirichlet boundary conditions, of the type 

u t -V- (\Vu\ p - 2 Vu) =0, in(0,T)xQ, 

u(t,x)=0, on (0,T) x <9ft, (1.1) 
u(0,x) = u (x), on {0} x O, 



where the p-growth exponent belongs to the interval (1,2). Here we assume that Q is 
a bounded domain of M. n , n > 2, whose boundary is C 2 -smooth, and u : (0, T) x fl — >• 
M. N , N > 1, is a scalar or a vector field. The data u belongs to L 2 (il). 

Our main purpose is to prove "global", that is on the cylinder (e,T) x 57, e > 0, 
27 (e, T; i 9 (^)) integrability properties of the second spatial derivatives and of the time 
derivative of solutions to problem (1.1). Hence, for suitable p g (1,2) and exponents 
r, q, by Sobolev embedding theorems, we deduce "global" regularity of u and Vw in 
Holder spaces. Our results are developed under two main assumptions. The former is 
that we consider a p-parabolic system with p-Laplacean operator and not more general 
elliptic operators, whose structural properties have the p-Laplacean as prototype. The 
latter concerns the bounded domain. These assumptions are made just to develop in a 
simpler way a new technique that leads to the high integrability of second derivatives 
and of the first time derivate, which are the chief results of this paper, and, as far as we 
know, they are new in the literature. The proof is performed under the assumption of 
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an homogeneous right-hand side. This is not a limit of the technique employed, which 
works for a nonnull right-hand side as well, but a choice to develop the proofs in a more 
readable way. As a consequence of the integrability properties, by embedding theorems, 
we deduce the Holder regularity of the solutions to problem (1.1). This important topic 
has been developed in a wide literature. We refer to the monograph [8] and to the more 
recent essay [12] for a general review, and, for regularity results, more specifically to 
the papers [9, 10, 11]. For solutions to more general singular or degenerate parabolic 
systems, as far as the local integrability properties are concerned, we quote the papers 
[1, 14, 18, 22, 23], and, as far as the Holder regularity is concerned, we quote the paper 
[2] and the very complete and recent memoirs [13]. 

Before giving the statement of our results, we would like to say a few words about 
the technique. Firstly we point out that we do not prove that a weak solution has 
more regularity properties, but we prove the existence of regular solutions, and, as a 
consequence of the uniqueness of weak solutions, the same regularity is enjoyed by the 
weak solution too. The existence theorem is proved by using the Galerkin method in the 
way suggested by Prodi in [21], where the special basis of eigenfunctions is proposed, in 
our case of the Laplacean operator. In this way, provided that the initial data u <G L 2 (Q), 
we are able to furnish a solution to problem (1.1) which has more regularity of the usual 
weak solutions. Indeed, we obtain D 2 u(t,x) € L 2 (e , T '; LP '(f2)) , e > 0. This gives an 
advantage in establishing further regularity properties of the solutions. As far as the 
integrability properties are concerned, we employ a duality technique which is a suitable 
modification of the one employed in [20] to estimate the second derivatives in (space- 
time) anisotropic Sobolev spaces. For this task we define suitable adjoint problems of 
(1.1). This approach firstly gives estimates for the time derivatives u t , subsequently, as 
in [20], viewing the first equation of (1.1) as an equation of elliptic type with data / = u u 
allows us to establish estimates of the second derivatives. 

To better explain our results, we shortly introduce the space V = W ' p n L 2 (Vl). V 
is a reflexive Banach space endowed with the norm ||-||y = ||-||i, P +||-||2- Moreover we 
denote by V — W~ 1,p (ft) + L 2 (£l) its strong dual. For further notations and positions 
see the next section. 

Definition 1.1 Let u Q e L 2 (il). A field u: (0,T)xJl^ R N is said a solution of system 



u t e L p ' (0,T;V) , tut € L°°(0,T;L 2 (fi)), Vu t € L 2 (0, T; £ p (0)) , (1.3) 



(1.1) if 



u e l p (o, r ; y) n c(o,r ; i 2 (^)) , t* Vu e L°°(o,T;L p (n)) , 



(1.2) 




Vu, V^)}dr = (u(t),^(i)) - (u o ,V(0)), 



W> e W 1 ' 2 (0,T; L 2 



(fi))nLP(0,T;V0, 



and 



lim ||u(i)-u || 2 = 0. 



The above definition is different from the usual formulation of a weak solution to 
problem (1.1), actually the properties indicated for a solution are wider than the ones 
given in [19] and considered by other authors, for instance in [8, 13]. This is in connection 
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with the fact that we are able to prove that, for all p <G (1, 2), the set of solutions is not 
empty, provided that u a € L 2 (f2). Of course, a solution in the sense of the Definition 1.1 
is a weak solution in the sense given in [19]. Hence the uniqueness of the weak solution 
makes unique the functional class of existence and the related properties of the solutions. 
We set 

Po :=max{§,^}, (1.4) 

and 

p:=2-jj, (1.5) 
with the constant H introduced in (6.2). 

Theorem 1.1 Assume that u belongs to L 2 (£l). Then there exists a unique solution u 
to problem (1.1) in the sense of Definition 1.1. Moreover, if p > p , then 

t ai WueC(0,T;L 2 (n)), (1.6) 

and 

t a2 ue L 2 (0,T;W 2 ' p {Q)), (1.7) 

Where "1 = 2p-n(2-p) aild ®2=ai + ^T- 

Corollary 1.1 Assume that u belongs to W ' (fl). Then there exists a unique solution 
u to problem (1.1) in the sense of Definition 1.1. Moreover, for p > |, 

Vwe C(0,T;L 2 (ft)), 

and 

u&L 2 {Q,T;W 2 *{Q,)). 

Theorem 1.1 says in particular that if the initial data is just in L 2 (Q), then Vu, D 2 u, 
u t and Vui have a singularity in the origin t = 0, that we explicitly compute. If the 
data is more regular, as in Corollary 1.1, we remove the singularity in t = 0. This result 
completely agrees with the known results for the linear case, with an obvious rescaling 
due to the exponent p. In the case of a more regular initial data, we limit ourselves 
to the claims in Corollary 1.1 for the sake of brevity. However under the assumption 
m € Wq' 2 (FI), we could give further regularity properties, that we consider unessential 
for the developement of the paper. We point out that these cannot be considered like 
results on the asymptotic behavior of the solution, since, as it is well known, for all 
pG (1, 2), if f2 is bounded there is the extinction of the solution in a finite time (cf. [8]). 

We also observe that the introduction of a force term / e LP (0,T; V') on the right- 
hand side would be easy to handle and would lead to the same L 2 (e, T; W 2 ' p (ft)), e > 0, 
intcgrability for second derivatives. Obviously, under this weak assumption on /, the 
solution as in Definition 1 . 1 would lost the regularity properties of u t given in (1.3)1,2- 

The next theorem and its corollary are our chief results and concern the "global" high 
regularity of the solutions furnished by Theorem 1.1. For the definition of the Holder 
scminorm in (1.11) we refer to the next section. We set 

7(n-2)+l- v /4(n-l) 2 -3 
Pl : = 3(n-2) • 
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Theorem 1.2 Let n > 3. Let p > max{p ,pi}, and iet g e [ n (p-i) +2 (2- P ) » I^2p~i 
Assume that SI is a convex domain. If u(t, x) is the solution of Theoreml.l, then, for all 
e>0, 

u e L°°(e,T;W 2 ' q {fl)) with u t e L°°(e,T;L q (ri)), (1.8) 

witJi g = nq ty~ 1 \ if q < n, q < n if q = n, and q — qifq>n. 

Under the further assumption p > p, the same result holds for f2 non-convex domain. 

Theorem 1.3 Let n = 2. Let p > |, and Jet q e (2, Assume that f2 is a convex 

domain. If u(t,x) is the solution of Theoreml.l, then, for all e > 0, 

u G L oc (e, T; W 2 - q (Vl)) with u t E L°°(e, T; L q (tt)). (1.9) 

Under the further assumption p > p, the same result holds for non-convex domain. 

We set 

2n+7- v /(2n-7) 2 +8n 
P2 := % • 

Corollary 1.2 Assume that is a convex domain and u(t,x) is the solution of Theo- 
reml.l. Let p > | for n = 3 and p > P2 for n > 3, and go € (^,n]. Then, for each 
t > t > we get 

["Lot,* ^ c(t- 1 -^|| Wo ||f- ph ° +1 +io"^|ko|| 2 fi ^ ±i ) , (1.10) 

where A = 2 - with <f = ^fej^ if g < n, <f G (f ,n) if <?o = n, and j D = 
q (2p-2n+n P ) - Morcover , P > max{» , and qi e (n, |5§2]. Then, we get 

[V«] Al>M < c^^Mluoll^ 71 ^ + *r^ll«o|| 2 fl ^ 3L±1 ) • (1.11) 

where Ai = 1— ^, and 7! = — (2p-2~n+n P ) ■ ^ c cor!S ^ant c in (1.10) -(1.11) is independent 
of t and u . 

Under the further assumption p > p, the same results hold for SI non-convex domain. 

Corollary 1.3 Let n = 2. Let p > |, and <j e (2, ]• Assume that D, is a convex 
domain and u(t, x) is the solution of Theoreml.l. Then, for each t > t > we get 

,„ . , n 1+71 (2-p)-q + l 

[v u ] Aitx <c(t- 1 -^|ko|| 2 2 - p)71+1 + to IK|| 2 ). (i.i2) 

where A = 1 — |, and 71 = Jq(p-\) ■ -^ ie COIJS ^ant c in (1.12) is independent of t Q and u . 
Under the further assumption p > p, the same results hold for f2 non-convex domain. 

Our result of "high regularity" is expressed by means of the existence of the second 
derivatives, that is estimates (1.8) and (1.9) . These estimates for suitable p and q imply 
the Holder regularity of u and Vu. We point out that our Holder exponent A depends 
on p, n. This is in accordance with the result given in [4]. However we are not able to 
compare the two exponents since, as far as we know, in [4] a functional dependence for 
A on p is not given. 
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We have recently seen paper [3], where, for n > 3, under the assumption of / G 
L p '(0,T; W- 1 ' p '(O))n J L 2 (0,T;L 2 (n)), it is proved that a weak solution of (1.1) belongs 
to L 2 ( p_1 )(0, T; W 2 ' r (Q)), with r — ^-^-p) un d er suitable constraints on p,r. Hence, 
for n = 3, r belongs to (p, 2), and, for n > 3, r < p. 

Finally, we prove a global pointwise bound for the solution. 

Theorem 1.4 Let u be the solution of (1.1) corresponding to u G L°°(Q). Then 

||u(t)||oo < IKHoo- (1-13) 

Moreover, if p > -^p^ then, corresponding to an initial data u € L q {&), for some 
q G [2, +oo] one has 

2(2-p)ff 2 f, 

H*)||oo<c|K|| g ||«o|| 2 q t~~, Vt>0, (1.14) 

:= p(n+ S)_ 2n - 

The precise aim of Theorem 1.4 is to prove a L°°(f2)-bound for a weak solution with 
no investigations of high regularity properties of solutions. Of course, estimate (1.14) 
holds for t G (0,T), where T is the instant of extinction. Analogous results are proved 
in [10, 12, 8] for equations, and locally in [5] for systems. 

Finally, we shortly describe the plan of the paper and the strategy of the proofs. 
In Sec. 2, we introduce some notations and auxiliary lemmas. In particular we prove 
Lemma 2.1, which is an important tool to estimate the second derivatives, and semigroup 
properties for a suitable linear parabolic system with regular coefficients. In Sec. 3 we 
introduce two approximating systems, (3.1) and (3.2). They are both non-singular quasi- 
linear systems, for which the Galcrkin approximation method, and in particular a suitable 
choice of the basis for this approximation, together with weighted estimates in W m ' r (£l) 
and Lemma 2.1 are the essential tools to get existence and regularity. Since the proof of 
the basic properties of these systems is standard for people acquainted with the Galerkin 
method, we confine it in the appendix, at the end of the paper. The proof of our 
existence result is then given in Sec. 4. The crucial step in the proof of the higher 
integrability of second derivatives is the derivation of an L°°(0, T; L q (Q)) estimate on the 
time derivative Ut, which is done in Sec. 5, by using the semigroup properties of Sec. 2. 
Once this regularity has been derived, the corresponding L°°(0, T; IL r2, ^(ri))-integrability 
of the second derivatives is obtained in Sec 6, and it relies on the regularity results on 
the p-Laplacean elliptic system studied in [7] . For q > n this result gives us the Holder 
continuity of the solution. Finally, the maximum modulus theorem is proved in Sec. 7, 
employing a duality arguments. 

2. Notations and some auxiliary results 

Throughout the paper we denote by p the growth exponent, with p G (1,2). We denote 
by f2 C W 1 a bounded domain whose boundary dfl is C 2 -smooth. For a function v(t, x), 
by dkV and dtv we mean -g^-v{t, x) and -§[v(t, x), respectively. We set v- Vu = v^dk v, and 
\7w = v-dkV. For m G NU{0}, C m (fl) (C(f2) for m — 0) is the usual space of functions 
which are bounded and uniformly continuous on O together with their derivatives up 



G 



to the order m. The norm in C m (fl) is denoted by | • \ m := sup\D a u(x)\. For 

|a|=o n 

A e (0, 1), by C m ' A (£l) we mean the set of functions of C m (f2) such that, for \a\ = m, 
D a u e C°' A (fT), that is \D a u\ + [D a u] x < oo, where [-] A is the Holder seminorm. The 
norm of an element of C m ' A (Sl) is denoted by |u| m ,A,f2 := \u\ m + [D a u]\ , \a\ = m. We 
denote by C m (a, b; X) the Banach space (endowed with the natural norm) of all functions 
bounded and continuous on (a, t)Cl with value in a Banach space X, together with all 
derivatives D k , k < m. For A € (0, 1) we set 



[g\\,t,x 



sup 

te(o,T) 



\9(t,x) - g(t,x)\ 



sup 

t,fe(o,T*), t^i 



g(t,x)\ 



t-m 



(2.1) 



provided that the right-hand side is finite. The L p -norm is denoted by || • || p and, if m > 0, 
the W m ' p and W™' p -norms are denoted by || • \\ m ,p- We introduce the space V = W^ p n 
L 2 (Q). V is a reflexive Banach space endowed with the norm || • ||y = || • 1| ■ ||2, where 
|| • ||i, p represents a semi-norm on V. Moreover we denote by V = W~ 1,p (ft) + L 2 (il) its 
strong dual. Note that W ' p C L 2 (fi) only if p > . On the other hand V is dense and 
continuously embedded in L 2 and V C L 2 C V. Let q G [1, 00), let X be a Banach space 
with norm || • \\x- We denote by L q (a, b; X) the set of all function / : (a,b) — > X which 

b 

are measurable and such that the Lebesgue integral J \\j(T)\\ q x d,T = ||/||i,9(o,6;X) < °°- 

a 

As well as, if q — 00 we denote by L°°(a, b; X) the set of all function / : (a, b) — > X which 
arc measurable and such that ess sup te ( a m ||/(i)||x = ||/|U~(a,6;X) < 00. 

In the remaining part of this section we give some preliminary results, which represent 
fundamental tools in our proofs. The first is the following lemma, which, for p = 2, gives 
a well known estimate (see [15] and [16]). 



Lemma 2.1 Let fj, > 0. Assume that v e W 2 ^ 2 {fl) n Wq' 2 (Q). Then, for any 77 > 0, 
\Vv\ 2 ) iJ ^D 2 v\\ 2 < dlKM + lVwH^A^H^ ^ (\\Vv% + l ii * . 

where 




If f2 is a convex domain the inequality holds with C'2 = 0, 77 = 0. 



Proof. We prove the result for sufficiently smooth functions. It can be extended to 
functions in W 2,2 (£l) fl Wq ,2 (Q) by density arguments. So, let u be a function which is 
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continuously differentiable three times and vanishes on dfl. Integration by parts gives 

/i+ |Vw| 2 )^^|Atfcte = - / (/x + |V«| 2 )^- — cfec 

Jq oxk oxk 

(p-2) / Vw 2 ^Aw • — • - — dx + / 0+ \Vv\ 2 )^~Av — da 
Jq dx k dx k J dn dn 



(, ,n, (p- 2 ) <% <9u , , „. f, ._ ,o, (p-4) / dVi; 



V 9xj 



■ Vv dx 



-( P -2)^( M+ |V,| 2 )^A,.— V,-— 



+ / (^V^) 2 

JdQ 



dv dv dv 
Av ■ • 

dn dxkdn dxk 



da . 



Denote the boundary integral in the previous estimate by Iqq. Since p > 1, one can 
estimate the right-hand side as follows 



(p-1) / (u+\Vv\ 2 )^\D 2 v\ 2 dx 
Jq 

< [ {u+\Vv\ 2 )^\Av\ 2 dx + {2-p) [ (n + \Vv\ 2 )^\D 2 v\\Av\dx-I dn . 
Jq Jq 



(2.2) 



in Jq 
ft convex - By using the arguments in [15], based on a localization technique, one can 
show that the boundary integral Iqq is non-negative if fi is convex. Therefore from (2.2) 
one gets 



(p-1) / (u+\Wv\ 2 )^\D 2 v\ 
Jq 

J< 

Jq 



dx 



< / {u+ \Vv\ 2 )— \Av\ A dx + (2-p) / (u+ \Vv\ 2 ) — \D 2 v\ \Av\dx. 
Jq Jq 

By applying Holder's and Cauchy's inequalities to the last integral one readily has 

(p-2) . 



p-l--(2-pY {p+\Vv\') — \D'v\'dx 



< 



1 + ^) f^ + \Vv\ 2 )^\Av\ 2 dx, 



hence 



with 



/ 

Jq 



(/i + \Vv\ 2 )-^\D 2 v\ 2 dx < C(e) 



I in + |V« 
Jq 



\ 2 )^\Av\ 2 dx., 



(2.3) 



(2.4) 



C(e) :- 



l+2e 



£ [2(p-l)- £ (2-p)2] • 

By an easy computation, one can verify that the minimum of C(e) equals l) 2 and 

it is attained for e = (p — l)/(2 — p). Therefore we get 

1 



/ (m + |v«| 2 ) 

Jq 



(P~ 2 ) . o , 

2 \D v\ dx < 



{}) _ V]1 ^(u+\Vv\ 2 )^\Av\ 2 dx. (2.5) 

f2 non-convex - If S7 is not convex, starting from (2.2) and using the above arguments 
(see (2.3)-(2.5)) we have 



,2n <£^i I n 2 i2 . - ! 



(n+\Vv\ 2 ) — \D 2 v\ 2 dx < 



{p-lf 



9 (p-2) 9 2 

z \ o A „, z . 



(At+|Vi;| 2 )^|At>| 2 (ia;- 



p(p - 1) 



/an - (2.6) 
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Again following [15], the integral Ign can be estimated as follows 
hn < C + iVvl 2 )^ (^j da<C\\Vv\ 

' [ \Vv\ p dx + C [ |Vw| p_1 |D 2 «|da:. 
Jn Jn 



lp (an) 

(2.7) 



< C 



Multiplying and dividing by (yu+ |Vv| 2 ) * , using Holder's and then Cauchy's inequal- 
ities we have, for any i] > 0, 

/ \Vv\ p - l \D 2 v\dx <( f {^+\\7v\ 2 )^ E \\7v\ 2( - p - 1 '>dx] 2 ( f + IVwI 2 )^!^ 2 ^! 2 ^ 2 
Jn \Jn ) \Jn J 



<-J^+\Vv\ 2 )Ux + j I (p+\Vv\ 2 )^\D 2 v\ 2 dx, 



n 



for any i] > 0. Therefore, 



Ian < C (j|V«||£ + i-||( M + |V«| 2 )3||p + |||( M + |V«| 2 )^^ 2 «|| 2 ) . 

By replacing the above estimate in (2.6) we get 

/ (m+IV^I 2 ) 1 ^^ 2 ^! 2 ^^ 1 / (^+\Vv\ 2 ) LE ^ 1 \Av\ 2 dx 
Jn (P - lj Jn 

+^ L T) J n (p + \Vv\ 2 ) L ^ 1 \D 2 v\ 2 dx + c ^iiv^ii^ + i-iKM + iv^i 2 )^!^, 

which easily gives the result. 

Our second kind of results is concerned with the analysis of semigroup properties for 
the following parabolic system with regular coefficients 

f s - vAtp - V • (B v (s, x)Vip) = , in (0, t) x 0, 

tp(s,x)=0, on (0,t) x «9ft, (2.8) 
<fi(0,x) — <p (x), on {0} x O, 

with v > and B v (s,x) = {B r] )i a j^{s,x) satisfying the following conditions 

B, q is continuous in [0,t] x f2, 

II^Hoo = max IKS,,)^!!^ < +oo, (2.9) 
B v (s,x) is uniformly elliptic. 

Lemma 2.2 Assume that ^ > and Jet <p Q (x) e C^°(i7). Then, there exists a unique 
solution ip of (2.8), such that ip e L 2 (0, t; VF 2 < 2 (ft) n W 1,2 (ft)), <^ s e L 2 (0, t; L 2 (0)). 

Proof. The existence and regularity follow from well known regularity results for linear 
parabolic systems with uniformly continuous and bounded coefficients. We refer, for 
instance, to [17], Theorem IV. 9.1. 
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For p e (1, 2) and \i > 0, set 

a(u.,v):=(u. + \(Vv)\ 2 )^ , (2.10) 

and 

:= (m+ IJ^Vi;)! 2 ) 1 ^ , (2.11) 
with J,, space-time Friederich's mollificr, and assume that 

S ||( M +|Vt;| 2 )^||P<M, V*e[0,t], (2.12) 

with a positive constant M. 

Let p e (1, 2), fi > 0, and define 

(B v (s,x))iajp :- 



(m + IJ^v^^-s,^)! 2 )^ 

( Ai +|J,(V«)(t- S ,x)|2) 1 T £ 



(2.13) 



with J,, space-time Friederich's mollifier and b = 0, 1. Note that -B^ defined in (2.13), by 
means of (2.11), satisfies condition (2.9), with 

H^Hoo < (3-p)//* 2 < +oo, V/i > 0. 

Lemma 2.3 Assume that (p (x) € C^°(r2) and Jet ip be the unique solution tp of (2.8), 
corresponding to B v as in (2.13). Then, for aJi r e [1, 2] ifb = 0, and for aJi r e [^,2] 
ifb = l, 

||¥>(s)||r < ll^o||r, Vs e [0,i], uniformly in v > and 77 > . (2-14) 
Proof. Let us multiply (2. 8)1 by </?(<5 + l^l 2 ) 11 ^, for some 5 > 0. Then 

~P + M¥||; + "fat + W^lV^dx 

+v(r-2)[ (5+\p\ 2 ) L ^(Vw) 2 dx+ [ a v (n,v)(S + \ V \ 2 ) r -^\V^\ 2 dx 
Jn Jn 

+ (r-'Z)j^a ri {n.,v){5 + \v\ 2 ) r ^r (Vip-^) 2 dx ( 2 .15) 
+6(p-2) / ( Ai +|^(V«)| 2 ) £ ^(<5+|^| 2 )^(J, ) (V«)-V^) 2 ( ix 

+(r -2)jT JVllllv^l 2 ) 1 ^ (J " (VU) W Vv ) ' ^ ^ ' ^ dx ; 
Taking into account that r > 1, the differential equation (2.15) gives 

6(2-p)(3-r) / a,,(/i,t;)(J+M 2 )^|Vp| 2 da;. 
in 



0. 



< 
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Therefore, for all r € [1, 2] if b = 0, and for all r e [ 7 3 _ 3 ^ , 2] if b = 1, a straightforward 
computation gives the existence of a constant C > such that 



r ds 



\\(5+\<p\)h\\ r r + C [ a ri {^v){5+\^) r -^\^^\ 2 dx<Q, 
Jn 



from which one obtains 

||(<5 + |^( S )| 2 )^||,. < ||(<5 + |^ | 2 )5|| r , Vse [0,t], V<5>0, 
which gives (2.14). 

Lemma 2.4 Let p > Under the assumptions of Lemma 2.3 

\\Lp(s)\\ 2 <cM^y o \\ r [r* -(t-s)*}- p \ V*e(0,t], (2.16) 



7 7( r ) • 2rp— 2nr+rnp ' (2-17) 

|| V (s)|| r < cM 2 ^ ll^lli [i? -(t-s)?]-^ 1 -?), V*e(0,i], (2.18) 



2rp— 2nr+rnp 

Moreover, if b — 0, then 



with 

: = = ^f)^ • (2-19) 

and r' conjugate exponent of r. 

Proof. Let us first observe that, multiplying equation (2.8)i by ip, taking into account 
(2.13) and integrating over fi, we obtain 



> [ \Wip\ 2 dx + C [ ar,(n,v) \\7ip\ 2 dx < 0, (2.20) 
Jn Jn 

hence 

\\<p(a)\\l + 2v [ \\V^(r)\\ 2 dr + 2C f \\a n (^v(t - r))^ V^(r)\\ 2 dr < y o \\ 2 . (2.21) 
Jo Jo 

By Holder's inequality 

/ \S7<p\"dx= [ (u. + J r ,\Vv\ 2 ) E ^\V<p\ p (u.+ \J ri (Vv)\ 2 ) S ^ £l dx 
Jn Jn 

p 2-p 

< ^(m + |J,(V«)| 2 )^|V^| 2 ) 2 (jT^+lJ^Vt;)! 2 )^) 2 ( 2 - 22 ) 



< IKm + \J ri {Vv)\ 2 )^ whs + 1 ^(v^niif^ 



By using Minkowski's inequality, the last term can be treated as follows 

||0i+|J„(Vt;)(t-s)| 2 )||i < \\J v {JJi+\Vv\){t-s)\\ p < [j^t-s-T^+lVvirMpdr. 

2 Jr 
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Therefore, using (2.12), it can be further estimated as 

M V 



||(M + l^(W)(i- S )| 2 )||! <2 f J ri (t- S -T)\\(fi+\Vv(T)\ 2 ^\\ p dr<c( 
which, raised to the power (2 — p) gives, a.e. in s > 0, 



t-s 



\\(li+\J v (Vv)(t-8)\')\\ E ' <c 



Using this estimate in (2.22) we end-up with 



M \ " 



t - s 



2-P 

t — s \ p 



IIV^I^IK/i + ^lV^^-V^ll. (2.23) 



M 

From the differential inequality (2.20) and (2.23) we obtain 

U»^ + C (^)^» V ^^°- (2 ' 24) 
By the well known Gagliardo-Nirenberg inequality and estimate (2.14) we have 

1Mb < c||V^||- ||^||i- a < C ||V^||^||^||i- a , (2.25) 
with a = 2 (np+rp-nr) ■ From (2.24) and (2.25) we arrive at the differential inequality 

2-p 

\t s MI + C i^f) P ll^ll?^IMll^ v*e[o,t]. 

Integrating from to s and performing straightforward calculations, we get 
||v(s)l|2 < cM^ 1 ^ || ip 1| r [tp - (t- s)p]~^, 

whence 

\\<p(s)h < cM^\\<p \\ r [t? - (t- S )p]~ p \ (2.26) 

which, by the expression of M, gives (2.16). 

Assume that 6 = 0. Then, from Lemma 2.3, estimate (2.14) holds for all r e [1,2]. 
The proof of (2.18) follows step by step the above proof. One has just to use (2.25) with 
r = 1: 

ii^ii 2 < C iiv^ii^ii^iii- a < C ||v^ii^ii^ |ir a , 

where now 

^ np ^ _ np+2p—2n 

2(np+p— n) ' 2(np+p— n) 

Note that a < 1 if and only if p > . With the previous calculations we arrive at 
(2.26) with r = 1, which, by setting 7 = 7(1) = (3 gives 

\\<p{s)h < cM^llpdli [t L p - (t-sfp}-^, (2.27) 
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hence (2.18) for r = 2. Finally, using the L p -convexity inequality, then (2.27) and (2.14) 
with r = 1, we get 

y(s)\\r<Ms)\\t Ms)^ ^cM^WMrr-it-s)*]- 2 -^ 

which gives estimate (2.18), and completes the proof. 

Lemma 2.5 Let Vip G L 2 ((0,t) x SI), Vv e L r ((0,t) x SI), for some r > 1, and let h m 
be a sequence with Vh m bounded in L 2 ((0,t) x SI), uniformly in m G N. Then, there 
exists a subsequence h mk such that 

lim / / iJ^Vv)! 2 )^ - (p+ Nvl 2 )^ 1 ) Wh mk ■ Wtpdxdr = 0. 

Proof. By assumption Vw G L p ((0,t) x f2). Therefore one has Jj_(Vv) — > Vw in 
L p ((0,t) x!l)asm goes to oo. This ensure the existence of a subsequence J i (Vi> ) 
converging to Vw a.e. in (t, x) G (0, T) x f2. Therefore, along this subsequence, 

(/i+ | J^lCVt;)! 2 ) 2 ^ -)• iVwl 2 ) 3 ^, a.e. in (s,x) G (0,t) x 0. 
By Holder's inequality one has 
J J ((m+ ^^(Vw)! 2 ) 2 ^ - ( /i+ jv-yl 2 )^) V/i mfc -Vijdxdr 

< (/X IW( ^ )|2 ^ (A/ + '^ (Vv)|2) ^ " (m + iv^i 2 ) 1 ^) 2 ^^ 2 iiv^ii^^^,,),^. 

Further, since G L 2 ((0,t) x (SI)), we have 

|V^(r)| 2 ((/x + | J^(V V )| 2 )^ _ (/i + |V«| 2 )^) 2 

< (2 / i £ ^) 2 |V^(r)| 2 GT 1 (0,i;i 1 (^))- 
Therefore, from the Lebesgue dominated convergence theorem we obtain the result. 

Lemma 2.6 Let ^ > 0, fi > and p > Let satisfy 

||(^+|Vif)5||P<M, (2.28) 

with a positive constant M. Then, for any ip (x) G Cq* 3 (fl), there exists a unique solution 
ip G C(0, i; L 2 (fi)) n L 2 (0, t; W 1,2 (ft)) of the following integral equation 

f (y,i> T )dT-v [ (V^VV')dT- / ((/i+|Vw| 2 )^V^,V^) 
Jo Jo Jo v 7 (2.29) 

= ~ (Vo, V(0)) , W>€C o °°([0,t) x 0). 

Moreover, for any r G [1,2], one has 

\\<p(s)\\r< \\<Pc\\r, Vae[0,t], (2.30) 
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M^llr^cM^ll^ll!*-^ 1 -^), Vae(0,t], (2.31) 

and 

||V^( S )|| p <cM^+5)||^ || lS -^, V*e(0,i], (2.32) 
with /3 given in (2.19) and r' conjugate exponent of r. 

Proof. Let us consider the unique solution of system (2.8) given in Lemma 2.2. The 
solution ip = p(t]) satisfies estimates (2.30) and (2.31), uniformly in r\ > 0. The proof 
is the same of Lemma2.4in the case where 6 = 0, replacing the assumption (2.12) by 
(2.28). Let us multiply (2.8) by ip 8 and integrate over f2. We get 

2^ I|V ^ + 2^ II(M + l^)! 2 )^^ + H^lli = ■ (2-33) 

Let us multiply (2.8) by ip and integrate over £1 By using estimate (2.31) and recalling 
(2.11) we get 

v\\V<p\\l + \\ ari (n,v)?V<p\\ 2 2 < ||^|| 2 |k||2 < cll^lbl^olliM^s-^ , Vs e {0,t} , 
licncc 

{v\\Vp\\l + \\a v {u.,v)hVp\\lY 

\\<p o \\lMC2-p)0 s Sll^lla, Vse(U,tj. 

Using this estimate in (2.33) we get 

2\2 



2-;^l|V^ 2 + K(M,«)^V^|| 2 j+c ||^ o ||2 M (2^ s 

which, integrated from to s gives 

H|V^||i + \\a v (u.,v) iVipg < cMV-^\\p \\\ . 

By using the arguments in (2.22), the above estimate and assumption (2.12) on v, we 
have 

||V^|| P <\\<jm + |J,(V«)| 2 )^ v^ih Win + l^(v«)| 2 )||P 

(2-p)0 2-p /3p+l 

< cM~M~ HVollis ~ , Vs e (0,i], 

which gives (2.32). In order to obtain the result, the next step is to prove that, denoting 
for any r\ > by ip v the unique solution of (2.8), which satisfies estimates (2.30), (2.31) 
and (2.32), the sequence {p v } converges in some sense to the solution of the integral 
equation (2.29) as r\ goes to zero. The proof is straightforward. We avoid the details and 
just show the following convergence, along a suitable subsequence, 

J ((/i + |J 7? (W)| 2 ) £ ^V^,VV>) dT ^J o ((^+|V«| 2 ) £ ^V(^,V^) dr. 
Indeed, writing 

J ((/ i + |J, 7 (W)| 2 ) E ^V<^,W>) dT -J a ((P+|Vv| 2 )*^Vp,VV>) dr 

= Jo I (^ + |J,)(Vw)|2)£t1 - |V«| 2 )^) V<p" -V4>dxdT 

/ (/x + IVwI 2 ) 2 ^ (Vp" - V<^) • da; dr, 
/o Jn 
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the first integral goes to zero, thanks to Lemma 2.5 and the second integral goes to zero 
thanks to the weak convergence of V(p v to Vi^s in L 2 ((0,t) x ft) (using (2.21)). 

We also give a useful inequality, referring, for instance, to [6] . 

Lemma 2.7 Let \i > 0. For any given real numbers £,rj > 0, the following inequality 
holds: 

1 1 

Below we recall some well known results for Bochner spaces. 

Lemma 2.8 Let u belong to L°° (e,T;W 2 ^(fl) n W^(fl)) with u t e L°°(e, T; Lfl(Vt)). 
For m = 0, 1, if A = 2 - m - | € (0, 1), then 

[V m n] A , M < C[ sup (||ut(t)|| 7 + \\D 2 u(t)k) + sup ||«(t)|| 7 ] , 

(e,T) (e,T) 

with C independent of u. 

Proof. The proof is a trivial generalization of Theorem 2.1 proved in [25]. 

For the following embedding results we refer, for instance, to [24], Ch. 3. 

Lemma 2.9 Let X be a Banach space and let X' be its dual. Assume that X is dense 
and continuously embedded in an Hilbcrt space H. We identify H with H' , which is 
continuously embedded in X' . If u e L*(0,T;X) and u' e L«' (0, T; X'), with q,q' e 
(1, +oo), ^ + y = 1, then u is almost everywhere equal to a continuous function from 
[0,T] into H. 

Lemma 2.10 [Aubin-Lions] - Let X, X\, X 2 be Banach spaces. Assume that X\ is 
compactly embedded in X and X is continuously embedded in X 2 , and that X\ and X 2 
are reflexive. For 1 < q, s < oo, set 

W = G L s (0, T; X t ) : ^ e £ 9 (0, T; X 2 )} . 

Then the inclusion W C L s (0, T; X) is compact. 

3. Approximating systems 

Let us study the approximating systems 

u t - V • ({u. + | Vu\ 2 ) ^ Vu) = , in (0, T) x Q, 

u(t,x) = 0, on(0,T)xarj, ( 3A ) 

u(0, x) = u (x), on {0} x fl, 

with fj, > 0, and 
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v t - vAv - V • ^(/i + |Vv| 2 ) <P22> Vw^j = , in (0, T) x 0, 

i>(i,ar)=0, on (0,T)x3O, ( 3 - 2 ) 
v(0,x) = v (x), on {0} x O, 

with [i > and v > 0. 

Let us introduce the operators from V to V' defined as 

A(v) := -V • (\Vv\ p - 2 Vv) , (3.3) 

A» := -V • (V + \Wv\ 2 ) ^ Vv^j . (3.4) 
They are both monotonous and emicontinuous operators 1 . Set 

B(fj,,w) := c\\w\\l + c(fi,T)/z* . (3.5) 

Recall that, from (2.10), 

a{^v) = ^+\Vv\ 2 )^ . 

Definition 3.1 Let fj, > 0. Let u G L 2 (Q). A field u: (0,T)xfi^ R N is said a solution 
of system (3.1) if 

u G L p (0, T; V) n C(0, T; L 2 (ft)) , ^Vh€ L°°(0, T; L p (ft)) , 
t«t € £°°(0,T;L 2 (f7)), i^F V«t € L 2 (0,T;L p (n)) , 



o 



and 



t 

[(«, Vr) - «M, «) Vu, VV>)] - («(t), - (u o ,^(0)), 

W> G W 1 - 2 ^, T; L 2 (n)) n L"(0, T; V), 



lim ||u(t) -u || 2 = 0. 



Definition 3.2 Let fj, > 0, i/ > 0. Let v Q G L 2 (ft). A field ti:(0,r)xf!4 E w is said a 
solution of system (3.2) if 

v G C(0,T;L 2 (r!)) n L 2 (0,T; W 1,2 (fi)), 

«t G L°°(0, T; L 2 (n j) n L 2 (0, T; W 1,2 (n)), 

/ [(v, i> T ) - v(Vv, WO - (a( M , v) V«, W)] dr = («(*), V>(t)) - {v , ip(0)), 
Jo 

W> G T4^ 2 (0, T; L 2 (tt)) n L 2 (0, T; W 1,2 (fi)) , 

and 

lim — U0II2 = . 



1 For the sake of brevity for the corresponding definitions we refer, for instance, to [19] Ch. II, Sec. 1.2. 
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We have introduced the approximating systems (3.1) and (3.2) in order to prove Theo- 
rem 1.1. In particular, the introduction of this second kind of approximation is necessary, 
for our technique, to obtain the crucial estimate u t G L°°(s 7 T; L q (Q)), which is one of 
the key tools to get higher order integrability for the second derivatives (Theorem 1.2 and 
Theorem 1.3) and, further, space-time Holder regularity (see Corollary 1.2). If we limit 
ourselves just to Theorem 1.1, where the L 2 (e, T; W 2 ' p (tt)) integrability of the second 
derivatives is shown, then we could avoid the study of system (3.2), making the proof 
easier. 

In order to study the existence and regularity of a solution of (3.1), firstly we study 
the same issues for the parabolic approximating system (3.2). The existence and regu- 
larities for the solution of this latter system are obtained in the following Proposition 3.1, 
Corollary3.1 and Corollary 3.2. These results are a fundamental step for the proof of 
our main results. On the other hand their proofs rely on the Galerkin approximation 
method, with a suitable choice of the basis functions, and related weighted estimates in 
W m,r -spaces, m G NU {0}. Since these arguments are standard, we confine the proofs in 
the appendix. We observe that in the propositions below we will assume that the initial 
data of problems (3.1) and (3.2) are in Cq°(CI). This assumption could be weakened, for 
the validity of the same results. This will be done in the next sections, where we deal 
with the solutions of problem (1.1) and of problem (3.1), and consider the completion 
of Cq°(Q) in L 2 (f2) and W ' (fi), so realizing a suitable generalization of the following 
results. 

Proposition 3.1 Let be v > and /j, > 0. Assume that v belongs to C^°(il). Then 
there exists a unique solution v of system (3.2) in the sense of Definition 3.2. In particular: 

i) v G L°°(0, T; L 2 (n)) n L p (0, T; V) , uniformly in v and fi; 

ii) v t G L°°(0,T;L 2 (f})), Vv t G L 2 (0, T; L p (£l)), uniformly in v, non-uniformly in fj,; 
Hi) Forallv> 0,veL 2 (0, T; Wq' 2 (Q,)), v t € L 2 (0, T; W _1 ' 2 (fl)), Vv t G L 2 (0,T; L 2 (n)). 

Corollary 3.1 Under the assumptions of Proposition 3.1, we have 

i) t*Vv G L°°(0,T;LP(f7)), tv t G L°°(0, T; i 2 (fi)), ti v t e L 2 (0, T; L 2 (Q)), t*& Vv t G 
L 2 (0, T; L p {n)), uniformly in v > and fi > 0; 

ii) tVv t G L 2 (0,T;L 2 (ri)), non-uniformly in v>Q. 
Set 

a := 2p-n(2-p) ' ^ 3 - 6 ) 

Corollary 3.2 Let [i > 0. Assume that v belongs to C^°(fl). If p > |, then \7v G 
C(0, T; i 2 (fi)) 7 w G L 2 (0, T; W 2 <p(0)), rfft 



l|Vu||c(0,T;i2(n)) + \\v\\ L 2(0,T;W2'P(n)) < M 3 (\\v \\ 1 , 2 ,B(fi,V )) . 
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Ifp > po, then t^Pl Vv G C(0, T; L 2 (fl)), t^W w G L 2 (0, T; IF 2 <p(^)) 7 wito 
t a ||Vu(i)||2 < B(n,v Q )i tP(2p-"C2-P)) 

4 — n(2 — p) 

+ C W )) 2 P -«(2-P) + cB( M , v )i a (l + t) , 

f r Q+2 ^ ||L^(r)|| 2 rfr < C(B(/i, T) , 
Jo 

w/iere a, Pi and (3 2 are given by (3.6) -(3.7). 

In the next proposition, starting from the existence and regularities of the solution of 
system (3.2), given in Proposition 3.1, and passing to the limit as v goes to zero, we 
deduce analogous existence and regularity properties for the solution of system (3.1). 

Proposition 3.2 Let be /i > 0. Assume that u belongs to Cq°(£1). Then there exists 
a unique solution u of system (3.1) in the sense of Definition 3.1, such that 

i) u e £°°(0, T; L 2 (Q)) n L 2 (0, T; V), uniformly in fi; 

ii) for all fi>0,u t e L°°(0, T; L 2 {Q)), Vu t G L 2 (0, T; LP{Q)). 

Proof. From Proposition 3.1 for all \i > 0, the function v, solution of (3.2) corresponding 
to the initial data u Q G Cq°(Q), satisfies the bounds collected below, uniformly in v > 0, 

IHU°o (0iT;i 2 (n)) + |K|| L , (0 , Ti v) < M(T, 0, || Uo || 2 ) , 

ll^t IU°°(0,T;.L 2 (f2)) + || «t II L 2 (0 : T; H".i>(fi)) + ll v t lliP'(0,T;V) - Mi(n,T,Q,, ||tio||2,2) , 

where the constant M\ blows up as \i — > 0. Hence we can extract a subsequence, still 
denoted by {u"}, weakly or weakly-* converging, in the above norms, to a function 
u, as v tends to zero. Further, from v" G L p (0,T;V), it follows that odu,/) Vu" G 
LP'(0,T;LP'(f2)), hence A^v") G L p '(0,T; V) and (see (A.12)) 

^ X in L p '(0, T; V) weakly. (3.8) 

Using the monotonicity trick as in [19], we show that the non- linear part A^(v v ) actually 
(weakly) converges to A^(u) and that the limit u is a solution of system (3.1). In 
particular the regularities stated for u follow from the analogous regularities of v" and 
the lower semi-continuity of the norm for the weak convergence. 
Hence, set 

X v = ( - Aftiip), v v - V )dr > 0, G LP(0, T; V) . 

Jo 

By using that v" is a solution of (3.2), we can write X v as follows 

X v = f(A^)y)dT- f{A^)^)d T - f{A^),v v -<p)dr 
Jo Jo Jo 

= \h v m\l \\\v v {t)\\l "J* HV«"(r)||idT 

- f (A^v^^dr- I\a^),v v - <p)dT . 
Jo Jo 
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Passing to the lim sup and observing that 

limsup(-i/ / \\Vv v (T)\\ 2 2 dT) = -limin% f \\Vv v (r)\\l)dT < 0, 
Jo Jo 

we get 

11 /"* 
< limsupX„ < -||u || 2 - — 1| ||| + limsup(-^ / || Vv u (t)\\1(1t) 

t t 

- / (X,<fi)dr- / {A^,(ifi),u - ip)dr 
Jo Jo , 

1 1 f ~ f 

< 2 1' I' 2 — 2" II II 1 — y o {x,<P)dT- (A^(tp),u- ip)dr. 

On the other hand, from the weak convergence it is easy to see that the limit u satisfies 

J (x,«)dr=^||«o||l-^||«(t)||i. (3.9) 



Therefore 



/ {x-A^(ip),u-ip)dT>0. 
Jo 



Taking <p = u + Xw, for A > and for some w G L p (0, T, V), and then letting A tend to 
zero the thesis follows. 



Next, we improve property ii) of Proposition 3.2, by using Corollary3.1 and Corol- 
lary 3.2. Indeed we are going to show that time weighted estimates for u t and S7u t hold 
for any \x > 0. 

Proposition 3.3 Let be p > 0. Assume that u Q belongs to Co°(f2). Then the solution 
u of system (3.1) of Proposition 3.2 satisfies, uniformly in fi, tp"Vu G L°°(0, T; L p (il)) 
tu t € L°°(0,T;L 2 (n)), t^r Vu t e L 2 (0,T;Lf(O)). 

Further, for p > §, Vu G C*(0, T; L 2 (f7)), u G i 2 (0, T; VF 2,p (fi)), with 

l|Vu|| C (0,T;L 2 (n)) + \\u\\l 2 (0,T;W 2 -p(Q)) < ^3 (|| «o || 1,2, #(/«, U Q )) . 

Forp>p , i*(p) Vu G C(0,T;L 2 (f7)), jfeWue i 2 (0, T; T4^ 2,p (ri)), with 

i a ||Vu(i)||i < Cv 2 vr-"$-r» Bp(fi,u )tp^p-^-p» 

+C {B(p, u )) >V-»i 2 2-p) + oB(m, u )t a (l + t) , 

r Q+ ^||i?VT)||^r<C( J B( M ,n ),T), 



/o 

where a, /?i and /3 2 are given by (3.6)-(3.7). 

Proof. Let us consider system (3.2), with initial data v = u . From Corollary 3.1, 

1 p + 2 

\\tP Vv v \\ L oo( 0iT . L p(n)) + ||£<||L°°(0,T;L2(f2)) + II* 2p V<|| L 2 (0)T;L p (n)) < M 2 (T, fi, ||Uo|| 2 ) 
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and, from Corollary 3.2, for p > | 

II Vw' y || C (0,T;L2(O)) + II V V \\ L 2( 0iT . W 2,p( n )> ) < M 3 (\\u \\ lt 2, B(fJ,,U )) , 

while for p > p 

+C u„))^™) + cB( M , Wo )i a (l + t) , 

r^+^pVMII^r < C(B(/i, Uo ),T), 
Jo 

uniformly in z/ > 0. Therefore, passing to the limit as v tends to zero, and then reasoning 
as in the proof of Proposition 3.2 we get that the limit u, solution of system (3.1), satisfies 
the same bounds. The proof is then completed. 

4. Proof of Theorem 1.1 and Corollary 1.1 

In the next proposition, under the assumption of an initial data u a e L 2 {Sl) or u Q e 
W ' (SI), we study the existence and regularity of the solution of system (3.1), for any u. > 
0, already obtained in Proposition 3.2 and Proposition 3.3 under the stronger assumption 

of Mo g cg°(si). 

Proposition 4.1 Let be fi > 0. Assume that u belongs to L 2 (Sl). Then there exists 
a unique solution u of system (3.1) in the sense of Definition 3.1. Moreover, for p > p D , 
t 0i(p) Vll g (7(0, T; L 2 {Sl)), i^OO u G L 2 (0, T; W 2 *{Sl)), with 

t a \\Vu(t)\\l < C H^P-nV-P)) Bp ((J,, Uo) t P(2p-n(2-p)) 

+ C U ))2V-n(V-p) + CB( M , W )i a (l + t) , 

f T a+ ^ \\D 2 u{r)\\l dr < C(B(u., u ),T), 
Jo 

where a, ($i and 02 are given by (3.6)-(3.7). Finally, assume that u G W ' (SI). Then, 
forp > |, V« G C(0,T;L 2 (SI)), u G T 2 (0, T; VF 2,p (r2)), with 

l|Vw||c(0,T;L 2 (f2)) + |M|L 2 (0,7W 2 .P(n)) < M 3 (||u ||i )2 , B(fJ,, U )) ■ 

Proof. Let {u™(x)} be a sequence in Co°(f2) strongly converging to u in T 2 (ri) 
and let {u m } be a sequence of solutions of system (3.1) corresponding to the initial data 
{u™(x)}. The existence and regularity of such solutions has been gained in Proposi- 
tion 3.2. In particular we have 2 

IK n ||L~(o,T;L 2 (Q)) + \\u m \\Lp(o,T:y) < M(T, SI, \\u \\ 2 ) , Vm G N. (4.1) 

2 Note that we also have, as in the proof of Proposition 3.2, 

\\ u t n \\L°°(0,T;L 2 (Sl)) + \\ u T\\l 2 (0,T;W 1 :P(Q.)) + \\ U T\\ L p' (0,T;V) - M l(M> T . fi : |KT||2,2) , 

but this estimate is not uniform in m and fi. 
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Moreover, from Proposition 3.3, 

1 . p + 2 

II*" V?i m || L oo( T;LP (jj)) + ||tw" l |U^(0, T;L 2 (S2)) + ||* 2p Vw™||L 2 (0 : T;Z>(fi)) 

< M 2 {T,n,\\ Uo \\ 2 ) , Vme N, 

and, for p > p , 

t a \\Vu m (t)\\l < Cfl*Vr-"V-P» B^fl,Uo)t'Vr-"V-r» 

+C (B(p, Mo)) 2 -"' 2 "' + cB(p, u )t a {l + t) , 



(4.2) 



(4.3) 



/ T a+2 -^\\D 2 u m {T)f p dT<C{B{^u ),T). (4.4) 
Jo 

As the estimates in the norms (4.1)-(4.4) are uniform in m, we can extract a sub- 
sequence, still denoted by {u m }, weakly or weakly-* converging in the same norms. 
Further, u m e L p (0,T;F), implies a(/i,« m )Vu m G L p ' (0, T; L p '(fi)), hence A^(u m ) e 
L p '(0,T;F') and u™ e Lp'(0,T;V) and, as m -S- oo, 



^(« m ) - 1, X in i p '(0,T; V') weakly. 



Moreover, we have 



IKW - « fc (*)ll2 + j[W« ro ) M" k )>* m uk ) d T (4.5) 

< IK n -UolliVt>0,V™,fceN. 

From this inequality and taking into account the L 2 -strong convergence of the sequence 
{m™} to u and the monotonicity of the operator, it follows the strong convergence of the 
sequence {u m } to u in L 2 (Q), uniformly in t > 0. Now, exactly as in [19] one proves that 
the limit u is the unique solution of (3.1), corresponding to the initial data u e L 2 (VL). 

we can reason as before, choosing a sequence {u™} strongly converg- 
ing to m in W Q ' (fl), and replacing estimates (4.3), (4.4) by the following one, which, 
from Proposition 3.3, holds for any p > | 

II VM m || c(0 , T;i2(f , )) + || u m \\ L 2 (0 , T . W 2, Pm < M 3 (T, n, ||m || 1i2 ) . (4.6) 

We omit further details. 

Proof of Theorem 1.1 - From Proposition 4.1, for any fixed p > 0, there exists a 
unique solution of (3.1). Let us denote by {m^} the sequence of solutions of (3.1) for the 
different values of p > 0. This sequence satisfies the bounds in (4.1)-(4.4), uniformly 
in [i. Hence, we can extract a subsequence, still denoted by {m m }, weakly or weakly-* 
converging in the same norms, as p goes to zero. In particular, in the limit as /j, goes to 
zero, estimate (4.3) gives 

t a \\Vu(t)\\ 2 2 < C 1 1 Mo 1 1 ^-"^ + c||u |||i a (l + t) , 

hence t%Vu G C(0, T; L 2 (£l)). Let us show that the limit u is the unique solution of 
system (1.1). Recall that, from (3.3), 



Aty) := -V- (jWI^ W>) • 
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Since w M belongs to L p (0,T;V) and it is ^-uniformly bounded, then a(/i, u* 1 ) Vu' 1 € 
V>'(0,T;IA>'(SI)), and therefore A^) e U>' (0,T;V) and, along a subsequence, 

A„(u p ) ^ x in L p '(0,T; V) weakly. 
Let us show that \ = A(u). Firstly we observe that 

|(/i+|VV| 2 ) E ^VV'-|VVr _2 VVr' ->0, a.e. in (0,T)xfi, 

and 

| {n + iv^l 2 ) 2 ^ VV> - |VV| P " 2 V^ f < 2 p |V^| p . 
The Lebesgue dominated convergence theorem ensures that 

Gu+IWl 2 ) 2 ^ VV'-*- |V^r _2 Vi/> in l/((0,T) x ft) strongly, 

hence 

^(V>) -> in i p '(0,T;T/') strongly. (4.7) 

Set 

/ (^(u")- A„(^),u"-^)dT >0, VV> eL p (0,T,F). 
Jo 

By using that u p is a solution of (3.1), we write X M as follows 

X» = [ {Ar(u»),u*)-{Ap(u»),1>)-{ApU,),u' i -1>)dT 
Jo 

= Ihog - \\\^{t)\\l - J U^)^) + (A^),u») (A^)M dr. 

Let us pass to the lim inf. Observe that, since 

(A^), u") - {Aty), u) = (A^ip) - A{4,), «") + (Aty), u» - u), 

from the strong convergence (4.7), the uniform bound of u p in L p (0, T; V) and the weak 
convergence of u p to u in L p (0, T; V), we get 



Urn / (A^),u p )dT= I {A{^),u)dT. 



Hence 

0<liminfX„< \\\u \\l-\\\u{t)\\l- j ( X ^) + (A(^),u-^)dT. 
On the other hand, it is easy to see that the limit u satisfies 

J {x,u)dr = \\\u \\l-^\\u(t)\\l. (4.8) 



/o 

Therefore we obtain 



f ( X -A(iP),u-iP)dT>0, y^eL p (0,T;V). 
Jo 
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Taking ip = u + Aw, for A > and for some w G L p (0, T, V), and then letting A tend to 
zero the thesis follows. 

□ 

Proof of Corollary 1.1 - From Proposition 4.1, for any fixed fi > 0, there exists a 
solution of (3.1). Let us denote by the sequence of solutions of (3.1) for the different 
values of fi > 0. This sequence satisfies the bounds in (4.1), (4.2) and (4.6), uniformly 
in [i. Hence, we can extract a subsequence, still denoted by {u^}, weakly or weakly-* 
converging in the same norms, as \x goes to zero. That the limit u is the unique solution 
of system (1.1) can be proved as in the proof of Theorem 1.1. 

5. A crucial estimate: u t € L°°(0,T; L q (Q)) 

Proposition 5.1 Let p > p , with p given in (1.4), and q G [2, jE^)- Let u be the 
unique solution of (1.1) corresponding to u Q G L 2 (fl). Then t 1+ ~< u t G L°°(0, T; L 9 (Q)), 
with 7 = ~/(q') given by (2.17). Moreover the following estimate holds 

IM0ll 9 < p +7 IMir P)7+ \VtG(0,T). (5.1) 

Proof. Let {u" l (x)} be a sequence in Cfi°(tt) strongly converging to u in L 2 (£l) and 
let {v m } be the sequence of solutions of system (3.2) corresponding to the initial data 
{u" l (x)}. Under our assumptions on p, from Proposition 3.1 and Corollary 3.2 we know 
that, for any data u™, there exists a unique solution v m of (3.2) such that t 132 ^ v n G 
L 2 (0,T;W 2 ' p (n)) and tv™ G L°°(0,T; L 2 {Q)). Therefore v m satisfies system (3.2) a.e. 
in (0,T) x ft. In the sequel, for simplicity we suppress the superscript m. 

Let us mollify equation (3.2) with respect to t, and denote the mollifier by Js- We 
can derive the regularized system (3.2) with respect to t and obtain, a.e. in 51 x (0, T), 

d t J s (v t ) - vd t A{J 5 v)-V-d t J s ((^ + |Vw| 2 )^Vw) = 0. (5.2) 

For any fixed 77, let (p v (s,x) be the unique solution of system (2.8) with v > 0, corre- 
sponding to an initial data ip G Cq°(0), and B v , given by (2.13), with v as above. For 
simplicity we also drop the superscript 77. From Lemma2.2, ip G L 2 (0, t; Wq' 2 {VL)) and 
(fi s G i 2 ((0,t) x ft). Therefore, setting r = t — s, s G (0, |), we can multiply equation 
(5.2) by tp(t — r), for r G (|,t), and integrate in (|,t) x 0. Integrations by parts give 
the following identity 

+vJy s (vv T ){T),v<p(t-T))dT+ J t (j s (| 7|vtj| 2 ) ^) (r)l Vy(t ~ r) ) dr ( 5 - 3 ) 

+ ( P -2)/'^( ^« v ;»;,!; r )( T ),v y ( t - r ))^. 
V vic + ivkI 2 )^/ J 

Let us pass to the limit as S goes to zero. Note that from Corollary 3.1 one gets tvt € 
C([0, T); L 2 (fi)). Hence, since, from Lemma2.3, we also have ip G C([0, t); L 2 (0)), we 
get 
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as well as 



\im(Js(v t )(t),ip ) = (v t (t),ip ). 

<5->0 



Further, from Corollary 3.1, one has v T <G L 2 ((0,T) x fl), hence Js(t? v t ) strongly 
converges to Vt in L 2 ((0, T) x f2), as 5 — > 0. Since, from Lemma2.2, one has r~ 2 tp T (t— 
r) e L 2 {{\,t) x fi), we get 



lim / (J«j(v T )(r),<p r (t - r))dr = / (u T (r), <£ r (t - r))dr . 

5->0 /i 



Recall that, from Corollary 3.1, 



ll^(V«r)||i2 ( | )T;L 2 (n)) < ||Vw T || L 2 ( ^ T;L 2 (0)) < -B*(n,u™). 



Therefore 

11* v "' 



and, similarly, 



11^ 



(Vw®Vd) • (Vu T ) 



(m + |v«| 2 )^ 



(4-p) Hl 2 ((|,t)xQ) 



< 



(,i+|V«| 2 )^ 



2Tfi=2lll£ a ((i, 



T) xn)< V- 2 Bi(M,«?). 



Moreover, observing that r -1 V<p r G £ 2 (|, t; L 2 (f2)), we can pass to the limit as S tends 
to zero in the last two integrals on the righ-hand side of (5.3). Summarizing, in the limit 
as S goes to zero, (5.3) gives 



Mt),¥>(0)) = M|),¥>(!))+ / (rAT).yAI- r))<lT 



+v (Vv t (t), V<p{t - T))dr + 



Vv t (t) 



( M +|V V (r)| 2 



' (2-p) , 



V<^(i - r) ) dr 



(5.4) 



+(p-2) 



Nr)«V»(r))y) Vp(t _ T) K 



. (m+|V«(t)| 2 , - 
Let us write the last two integrals on the right-hand side of (5.4) as follows 



Vd t (t) ^ (m _\ J _ : f __ ^ [*( (VuOVw) -Vv T 



|v7 (2 _ p) -,V V (t-r) dr+(p-2) 



= [ (Vv T (T),B rl ((T,xMt-T))dT 



(-i-p) 



(/i+|V^| 2 )^ 



, Vip(t - r) dr 



Vip{t - t) ] dr 
(Vu) <g> (Vv) J If (Vt;) ® J,, ( Vw) 



( A1 +|V«| 2 )^ £ (/i+IJ^Vi;)! 2 )^ 



(M+|V V | 2 )^ ( Ai +|J I) (V W )| 2 )^ 



Vv?(i - t) dr . 
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Then, since <p is solution of (2.8) with B v as in (2.13), identity (5.4) becomes 



Vv t (t) 

[P-2)JJVV T , 



1 



(,i+|V«| 2 )^ (p+\J v (Vv)\ 2 )^ 



( A1 + |V«| 2 ) V (/i + |J„(Vt;)| 2 ) V 



Vlf{t -T)\dT 

(5.5) 

V<p(i - t) ) 



We claim that the integrals J* and I 2 go to zero along a subsequence. This follows from 
Lemma2.5, with h v = t _1 V(/3 ?? , which is bounded in L 2 ((|,i) x 17), uniformly in rj > 0, 
and ^ = tV» t which is also in L 2 ((|,T) x fi), due to Corollary 3.1. 

Therefore, by using estimate (2.16) in Lemma 2.4 with r = q', s = | and M = B, 
and using that, from i) in Corollary 3.1, tv t € L°°(0, T; L 2 (0))(see estimate (A. 23)), then 
passing to the limit as X] goes to zero in (5.5) we get 

< lk(|)|| lk(|)|| < ^I+^TjIIVcH,' (||«ril2 + c(n,T) M f ) V+ , 

with j(q') given in (2.17). Let us give back the superscript m to the sequence {v m }. The 
last estimate ensures that t 1+1 v™ € L°°(0, T; L q (D,)) and that the following estimate 
holds 

(2-p)-y(<j') + l 

||w t m Wll9< p+7(<?')(ll u °ll2 + c (^: T )^ 5 ) 2 > uniformly in O0,/j>0,raeN. 

(5.6) 

Now we pass to the limit, firstly as v goes to zero, thus obtaining the sequence of solutions 
{u m } of Proposition 3.2, whose time derivative also satisfies estimate (5.6). Then we 
pass to the limit as m tends to infinity, finding the solution u — w M of system (3.1) and 
satisfying (5.6). Finally, we pass to the limit as \x goes to zero, thus obtaining that the 
solution u, found in Theorem 1.1, satisfies (5.1). 

□ 

Remark 5.1 Note that the main reason that leads us to resort to system (3.2) as ap- 
proximation of system (3.1) is due to the possibility of handling the integrals I* and 
I 2 

6. Proof of Theorem 1.2, Theorem 1.3 and their corollaries 

In order to prove Theorem 1.2 and its Corollary 1.2, firstly we recall a regularity result 
obtained in [7] , related to the singular elliptic p-Laplacean system 

-V -{\Vu\p- 2 Vu) =/, inO, ^ 
u = , on dfi , 
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with p G (1,2). We recall that, if v G W 2 > 2 (n) n Wo' 2 (fi), then the following estimate 
holds 

\\D 2 v\\ 2 < H\\Av\\ 2 , (6.2) 

where the constant H depends on the size of fi. If fi is a convex domain the inequality 
holds with H = 1. For details we refer to to [15] or [16]. We recall that 

P=2-£, (6.3) 

where is the above constant. The results in [7] can be stated as follows. 

Theorem 6.1 Let f2 C K", n > 3, be convex. Assume that / € L q (fl), with q e 
U(p-i) 2 +2(2- P ) ' °°)- There exists a unique solution u G Wj' 2 (fi) n W 2 '^(il) of system 
(6.1), with 

IMk?<C||/||r\ (6-4) 

where C is a constant independent of u and q = q(q) = ^rfej^ if <z < n, q < n if q = n, 
and q = qifq> n. 

The same result holds for non-convex domains f2, provided that p > p. 

Theorem 6.2 Let Q C K 2 , be convex. Assume that / € £ 9 (f2), with q > 2. There 
exists a unique solution u £ W ' (fl) n VF 2 ' 9 (f2) of system (6.1), with 

IMk, < Cll/llr 1 , (6.5) 

where C is a constant independent of u. 

The same result holds for non-convex domains fi, provided that p >p. 

Proof of Theorem 1.2 - Since p > p , we can apply Theorem 1.1, and find that the 
unique solution of system (1.1) satisfies the following system, a.e. in t G (0,T), 

-V- (\\7u\ p - 2 \7u) =u t , mil, 
u = , on dfi . 

We set 

^ := ra(p-l)+2(2-p) ' ( 6 - 6 ) 

and observe that q > 2 and, since p > pi, then q < From Proposition 5.1, for 

p > p and g G [?,|Eg], we have t 1+ ^ t G L°°(0, T; L 9 (£!)), where 7 = q{ *Xnln P ) ' 
and w t satisfies estimate (5.1). By applying the above Theorem6.1 we find that: if fi is 
convex, then u G VF 2 ' 9 (f2), a.e. in t G (0, T); if fi is not convex, the same result holds if 
p >p too. In both cases, using estimate (5.1) in (6.4) we find 



c 



(2-p)-y + l 



Hk?< CHwJr 1 < p+7 ll u o|| 2 , a.e. int e (0,T). (6.7) 



□ 

For the proof of Theorem 1.3 we argue exactly in the same way, employing Theorem 6.2 
in place of Theorem 6.1. For the sake of completeness we give the proof. 
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Proof of Theorem 1.3 - From Theorem 1.1, we can write the following system, a.e. 
in t e (0,T), 

-V- (\Vu\ p - 2 Vu) =u t , infi, 
u = , on 90 . 

From Proposition 5.1, for p > p and q £ (2, we have i 1+7 u 4 G L°°(0,T; L q (Q)), 

where 7 = 2 q(p-i) ' an d u * satisfies estimate (5.1). We apply Theorem 6.2 and we find 
that: if f2 is convex, then u £ W 2 ' q (n), with q = q, a.e. in t £ (0, T), ; if O is not convex, 
the same result holds for p > p too. In both cases, using estimate (5.1) in (6.5), we find 

\\uh,q<C\\u t \\f~ 1 < p-PrlKllf^ 1 , a.e. intG (0,T). (6.8) 



Proof of Corollary 1.2 - Firstly we prove estimate (1.10). Since q £ (j,n], then 
Theorem 1.2 ensures that u £ L°°(s, T; W 2 ' q ° (CI)) and u t £ L°°(e,T; L q ° (ft)), with q = 
n-^-p) € if 9o G (*,»). 5o € (§,n) if g„ = n. From Lemma2.8 with m = and 

q = q Q we obtain 



sup(||ut(t)||?„ + \\D 2 u(t)\kJ+ sup |Kt)||5- 

(e,T) (e,T) 



A = 2 — 5-, from which estimate (1.10) easily follows by increasing the right-hand side 
via estimate (6.7). Assume now that p > max{p , f^Eg } an d <Zi € (", jrf^]- Under the 
assumption p > 4 ~ 2 ^ > n is ensured. Therefore we can apply Theorem 1.2 with 

qi = q > n, and obtain u t £ L°°(0, T; L qi (ft)), u £ L°°(0,T; IT 2 ' 9l (ft)). By applying 
Lemma 2.8 with m = 1 and q ~ qi we get estimate (1.11). 

Proof of Corollary 1.3 - Theorem 1.3 gives, for g > 2, u £ L°°(0, T; VF 2 <«(ft)) and 
ut G L°°(0, T; L 9 (ft)). Hence, by applying Lemma2.8 with m = 1 and q = q we get 
estimate (1.12). 



7. The Maximum Modulus Theorem: Proof of Theorem 1.4 

Proposition 7.1 Let ^ > 0. Let u be the solution of (3.1) corresponding to u D £ 
L°°(ft). Tien 

|| u (£)||oo < ll u o| 

Proof. We argue as in Proposition 5.1. Hence we consider a sequence {u™(x)} £ 
Co°(f2) strongly convergent to u Q in L 2 (ft), and such that ||u™l|oo < II u o||ooj the sequence 
{v m ' v } of solutions of system (3.2) corresponding to the initial data {u™}, for which 
Proposition 3.1 and Corollary 3.1 hold. In the sequel, for simplicity we suppress the 
superscripts m and v for the sequence {v m ' u }. Let us consider, for a fixed i] > 0, the 
solution <p v (s, x) of system (2.8) corresponding to a data <p G Co°(ft), where B n is given 
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by (2.13) with 6 = 0, and set ^(r) = (p r '(t - r). Note that, from estimate (A.21), v 
satisfies (2.12). Then, using <p v (t) as test function in the weak formulation of (3.2), we 
have 



(V{t),<p ) - (V(0), p"(t)) - [\v(T),W(T))dT 

Jo 



= -v [ (Vw(r),V^(r))rfr- f (o(/i, v(t))V«(t), V^(r))rfr. 
Jo Jo 

Writing the second term on the right-hand side of (7.1) as 

/ (a( f i,v)Vv(T),V<p r >(T))dT= f (V«(r), fl ,(p,«;(T))V^(r))dr 
Jo Jo 



(7.1) 



(Vu(r), (r)) [a(n, v) - a,, (//, v)] dr , 
and recalling that ip v is solution of (2.8), identity (7.1) becomes 



(v(t),^(0)) = (v(0),^(t)) 

- [\vv(T),V^(T))[a^,v(r)) ~ a v ^,v(r))]dr = (v(0),^(t)) ' 
Jo 



The integral I v goes to zero, as r\ goes to zero, along a subsequence, thanks to Lemma 2.5 
with W = ip 7 ! € L 2 (0,t;L 2 (O)), due to Lemma2.2 and with V = Vw <= £ 2 (0, i; £ 2 (0)), 
due to Proposition 3.1. Finally, using (2.14) and then passing to the limit as 77 tends to 
zero in (7.2), along a subsequence, we get 

\{v(t),ip )\ < \\v?\\r> \\<p \\r, V^ G C °°(O). 

Giving back the superscripts to the sequence {v m ' v }, this last estimate together with the 
bound < ||uo||oo imply 

\\v m ' v (t)\\ r , = SUp \(v m >»(t),<p )\ < \\ U ™\\ r , < |fi|^|K||oo < |fi|^||«o||oo. 

\<Po lr = l 

Since the the right-hand side is uniform with respect to r', letting r' go to 00, we obtain 



Now we pass to the limit, firstly as v goes to zero. We obtain the sequence of solutions 
{u m } as in Proposition 3.2. From Proposition 3.1, we have, uniformly in v > 0, that 
v m,u e l°°(0,T;V), v^ v e L 2 (0,T;LP(n)). Since V is compactly embedded in L s (fl), 
for any p < s < and L s (fl) is continuously embedded in L p (0), from Lemma2.10, 
the sequence {v m ^} converges to u m , as v goes to zero, strongly in L s ((0, T) x ft), hence 
almost everywhere in t, x, along to a subsequence. Therefore, along such a subsequence, 
we find 

\u m {t,x)\ < \u m (t,x) - v m '"(t,x)\ + \v m -"(t,x)\ 

< \u m (t,x)~V m ^{t 7 x)\ + ||u m '' y (t)||oc, 
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a.e. in (t,x) G (0,T) x ft. Passing to the limit on v, we easily get 

|K(*)||oo< IMoo- (7.4) 

We now pass to the limit as m tends to infinity. Then {u™} strongly converges to u and, 
from (4.5), the corresponding sequence of solution converges strongly in L 2 (f2), uniformly 
in t > 0, hence, along a subsequence, a.e. in (t, x) <G (0, T) x il. Therefore, reasoning as 
in (7.3), we find that the solution u = of system (3.1) satisfies (7.4). 

Proposition 7.2 Let p > and fi > 0. Let u be the solution of (3.1) corresponding 
to u G L q {Q), for some q G [2, +oo]. Then 

(2-p)/3 

||«(t)||oo<c (\\u \\ 2 2 + c(n,T)^j q KH^-V, Vie(e,T), 
with (3 given in (2.19). 

Proof. We consider a sequence {u™(x)} G C£°(Q) strongly converging to m q in 
L q (fl), the sequence {u m,,/ } of solutions of system (3.2), corresponding to the initial data 
{w™}, satisfying Proposition 3.1 and Corollary 3.1. Arguing as in Proposition 7.1, we 
arrive at the following estimate 

{v m ' v {t),<p o ) = (v m >''{0)Mt))+Iv ( 7 - 5 ) 

From Lemma 2.4 with r — q' and M — B(/j,, w™), and introducing two arbitrary conjugate 
exponents s > 2 and s' , we can estimate the first term on the right-hand side of (7.5) as 

\(v m '(o),<p(t))\ < iKIIJkWIU^c^^^lKIIJkollir^, 
<c\n\HB(u., u ™))^\\u™\\ q \\v yt-¥ , 

while the term I n goes to zero along a subsequence, as r\ tends to zero. Therefore, we get 

\(v m '"(t),W )\ 1 (2-p)<3 20 

II V° Ms' 
which implies 

\\v m '"(t)h < c\n\i(B(u.,u?))^\\u™\\ q t- 2 -£ . 
Since the right-hand side is uniform with respect to s, letting s — > 00, we obtain 

\\v m - v (t)\\oo < c(B(^u™))^\\uT\\ q t-f . 

As in the previous proof, taking into account suitable strong convergences, we may pass 
to the limit firstly as v — > 0, then as m — > 00, and get the result. 

Proof of Theorem 1.4 - Let fj, > 0. From Proposition 4.1, G L°°(0,T;V) and 
G L 2 (e,T; L p (fl)), uniformly in u. > 0. Moreover, the sequence converges to 

the solution u of system (1.1), in suitable norms, as p, tends to zero (see the proof of 
Theorem 1.1). From the compact embedding of V in L s (il), for any p < s < 
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and the continuous embedding of L s (fl) in L p (il), using Lemma2.10, the sequence {u^} 
converges to u, as /x goes to zero, strongly in L s ((e 7 T) x O). Hence, {u^} converges to 
u almost everywhere in t, x, along a subsequence. Therefore, along such a subsequence, 
we find 



u{t,x)\ < |u"(t,x) - u{t,x)\ + |u"(t,jc)| < |«"(t,a;) - u(i,jc)| + |K(i)ll°o, (7.6) 



a.e. in (i, x) <G (e, T) x fi. Passing to the limit as fj, goes to zero, and using the estimate 
in Proposition 7.1, we easily get 



Therefore we find that u satisfies (1.13). 

In order to obtain estimate (1-14), we can repeat verbatim the previous arguments, 
employing Proposition 7.2 in place of Proposition 7.1 to estimate the i°°-norm of the 
sequence {u^} in (7.6). 

Appendix 

This appendix is designed for the proof of Proposition 3.1 and its corollaries. Firstly we 
introduce an easy lemma, useful in the sequel. 

Lemma A.l Let g(t,x) and F(t,x) be such that 



and t s g(t,x) e L 2 (0, T; L p (f2)), with nonnegative constants fi, Si, <5 2 , S such that S :— 
^£ Si + 8 2 ■ Then, one has 



\\<t)\\oo < |M 



oo 



\\t Sl (p + \F\ 2 )i\\ L ~ ( o.T;LHn)) = Ki , \\& (/x + |F| 2 )^ ff||| 2((0;T)xa) = K 2 , (A.l) 




(A.2) 




By applying Holder's inequality with exponents - and ^z^, we get 




< 



Ct^i-v) f T^ip+lF^x^^lg^x^dx [ \u.+ \F{T,x)\ 2 )%dx dr 




Hence, from (A.l) we get 




□ 
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Proof of Proposition 3.1 - In the sequel we adopt the idea introduced by Prodi [21] 
in the context of Navier-Stokes equations, where the existence of a solution was proved 
by the Galerkin method with eigenfunctions of the Stokes operator as basis functions. 
Obviously, we replace this basis with the one given by eigenfunctions of the Laplace 
operator. So let {a,j} be the eigenfunctions of A, and denote by Xj the corresponding 
eigenvalues: 

— Adj = Xjdj, in fi, 
cij = 0, on <9fi . 

Recall that ctj e Wq' 2 (£1) n W 2 ' 2 (fl). We consider the Galerkin approximations related 
to system (3.2) of the form 

k 

v k (t,x) = ^2c jk (t)aj(x) fceN, (A.3) 
where the coefficients cjk satisfy the following system of ordinary differential equations 

k k 

Cjk{t) = -v^bjiC ik {t) -^2djiCik{t) =0, j = l,...,k, 



i=l i=l 

Cjfe(0) = {v ,a,j), 



(A.4) 



with bji — (Va^Vaj), dji = ((fi + \\7 (c rn (t)a r )\ 2 )^2~^ Va,, Vaj). With this choice 
of Cjk(t) we impose that v k (t,x) are solutions of the following system of fc-differential 
equations 

(v k ,a :i )-iy(Av k ,a :i ) + (A f ,(v k ),a : j) =0,j = l,--- ,n, (A.5) 

with initial conditions Cjfe(0) = (v , aj), j = 1, ■ ■ ■ , fc, where (•, •) denotes the standard 
L 2 -inner product. As the right-hand side of (A.4) is a Lipschitz function, due to the 
assumption /i > and using Lemma 2.7, the existence of a solution in a time interval 
[0,£fc], tk € (0,T], follows by standard results on ordinary differential equations. The 
following a priori estimates (see (A. 9)) will ensure that tk = T, for all k e N. 

A priori estimates - Let us multiply (A.5) by Cjk, by dcjk/dt and sum over j. We 
get, respectively: 

lj t \\v k \\l + "\\Vv k \\l + ||(/i + |V« fe | 2 )^V^||2 = , (A.6) 



ll'lll^ + ~l|Vt; fc ||3 + ~IIO* + |Vt; fc | a )*||J = (). (-V.7) 



Differentiating (A.5) with respect to t, multiplying by dcjk/dt, then summing over j, and 
observing that 



dt(a(n, v k ) Vv k ) = a(p, v k ) Vv k + (p - 2)( M + \Vv k \ 2 )^(Vv k ■ Vv k ) ■ V 
we also have 

lf t W v t\\l + H|V« t fe ||2 + (p - + \Vv k \ 2 )^Vv k \\ 2 < . (A.8) 



v k 
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The energy identity (A. 6) implies 

||« fc (t)||! + 2i/ [ t \\Vv k (r)\\ldT + 2 [ t \\a(^v k (r))iVv k (r)\\ldr=\\v k (0)\\l, (A.9) 
Jo Jo 

for any t £ [0,t k ]. Since ||w fe (0)|| 2 < IKH2, (A.9) gives 

\\v k (t)\\l = \c k (t)\ 2 <\\vo\\i Vte[0,T]. 

Moreover 

\\Vv k \\ L 2 {0 ^ L 2 m < c(is)\\v \\ 2 , (A.10) 
and, using standard arguments 3 

l|V« fc ||£p(o,T,LP(n)) < c f \\a(^v k (r))^v k (r)\\ldT + c(il,T)^ < B(jm,v ) , 

(A.11) 

uniformly in v > 0, with £> given by (3.5). From this estimate it also follows that 
v k E L p (0,T; V) uniformly with respect to k, and 

ll(M + |V« fe | 2 )^V^|r L ' p , (0jT;LP , (n)) < \\Vv k \\l Wpm < B(p,v o) . 

Hence 

\\A»(v k )\\( p , {0T . vl) <B(^v o ), (A.12) 

which implies A^(v k ) £ L p (0,T; V) uniformly with respect to fc. Moreover, since p e 
(1,2), using (A.10) we get 

\\(v + \Vv k \ 2 )^Vv k \\ L 2 {0!T . L 2 m < ||Vv fe || L 2(p- 1)(0!T;i 2( P -i) (o)) < c(v) ||vo||i - 
Hence we also get 

ll^( wfc )IU 2 (0,T;W-i.2(J2)) < C{v) \\V \\1 . 

Further Av k e L 2 (0, T; W _1 ' 2 (f2)) since, for any 95 € L 2 (0, T; Wq' 2 (Q)) 

(Av k ^) = -(Vv k ,V^), 

and Vw fe G L 2 (0,T;L 2 (O)) from (A.10). This ensures that v k e L 2 (0, T; W~ 1 ' 2 (fl)). 
Integrating (A. 7) from to t, we get 

H(T)\\ldT + v - ||v« fc (t)|| 2 + - ||(a* + |W=(*)I 2 )% 



2 , P (A.13) 



< , l|Vw*(0)|^ + -||(a* + |V«*(0)|^)'||5 < «/ ||V«o||i + c(n,T) a*', 
z p 



3 We are using the inequalities 

f \\7u\ p dx = f \Wu\ p dx + f \Vu\ p dx 

JSl J\Vu\ 2 >fj, V|Vu| 2 <M 

< 2 2 "2 £ / a(n,u)\Vu\ 2 dx + I /x§ dx < c a(p, u) \ \7u\ 2 dx + 

Jn J\Vu\ 2 <u Jn 
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where, observing that c;fc(0) = (v ,ai) = -^(Vv ,Vai) — ^v^y"'^ , we have used 

l|V« fe (0)|| 2 < ||Vvo|| 2 - 
Integrating inequality (A. 8) from to t, we get 

\\v^t)\\l+2J\\\7v k T (r)\\ 2 2 dr + 2(p-l) f\\a(^v k (r))i\7v k (r)\\ldT<\\vU0)\\l (A.14) 
Jo Jo 

Let us estimate the right-hand side. Multiplying (A. 5) by dcjk/dt and summing over j 
we have 

\\v k \\ 2 2 < v ||A W fc || 2 ||<l|2 + P> fe )|| 2 |k fe || 2 < (v + c( M )) ||A^|| 2 ||« t fe || 2 , 

since 

2 



fe 2 Av k . , „ N V« fe • VVv k ■ Vv k 



2 



( A1 +|V« fe | 2 )'^ ' ^ ^ (M+ | V ^| 2) (l i £> 

< 2 M ^ 2 ||A^|| 2 + 2(2 - p) M f- 2 ||DV||i < c{fj) \\Av k \\ 2 2 . 
Observing that, as c (fc (0) = (v ,ai) = (/ jj2af|||'' > ' tnen l|Aw fc (0)|| 2 < ||Aw || 2 , we get 

\\v k (0)\\l<(v + c(n))\\^ o \\ 2 . (A.15) 

Finally, by using estimates (A. 13), (A.14) and (A.15), we can apply LemmaA.l, with 
g = Vv k , F = Vv k , Si = 62 = S = 0, and obtain 

£ \\Wv k (r)\\ 2 p dT <{v + c0i))||t; o ||! i2 (c V \\Vv \\ 2 2 + c(fi, . 

Passage to the limit - Using the above estimates we can extract a subsequence, still 
denoted by {v k }, such that, in the limit as k tends to 00, uniformly in v > 0, 

v k win L°°(0, T; £ 2 (f2)) weakly — * ; 

w fe w in L p (0, T; V) weakly ; (A.16) 
v k w t in L°°(0,T; L 2 (ft)) weakly - * ; (A.17) 

v fc (i) ^ £ in ^ 2 (^) weakly; 
Vw t fc ->■ Vw t in L 2 (0,T ;j L p (^)) weakly; 
/L> fe )- X in L p ' (0, T; V"') weakly. 
The convergence (A.17) implies convergence in L p (0,T; L 2 (f2)), hence 

v k ->■ u t in L"'(0,T; V") weakly, (A.18) 

and £ = «(*)■ Further, from (A.16) and (A.18), v G C(0, T; L 2 (ft)). Moreover, non- 
uniformly in v, we also have 

u fe v in L 2 (0,T; W 1,2 (n)) weakly, 



+ (p-2)- 
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M vk ) ^ X in L 2 (0,T; W _1,2 (n)) weakly, 

u t * «( in L 2 (0,T; W _1>2 (fi)) weakly, 

Following usual arguments from the theory of monotone operators (see [19], Chapter 
2, Sec. 1), one shows that the non-linear part A^v 1 *) actually (weakly) converges to 
Afj,(v), as k tends to oo and that the limit v is a weak solution of system (3.2). The 
regularities stated for v follows from the analogous regularities of {v k } and the lower 
semi-continuity of the norm for the weak convergence. Finally, the uniqueness follows 
from the monotonicity of A^. 

Proof of Corollary 3.1 - We argue as in the proof of Proposition 3.1, without ex- 
ploiting the Cq°- regularity of the initial data. So, let us consider (A. 7). Multiplying by 
t, a simple computation gives 

t||«flli + ~(t||v«*||3) + ^(t||(A* + |v«*| a )i|i5) 

lat pat (A19) 

= ^l|v« fe || 2 , + -||(^ + |Wf)^||£. 

z p 

Integrating inequality (A. 19) from to t and estimating the right-hand side of (A. 19) 
via inequalities (A. 9) and (A. 11), we get 



(A.20) 



f T\\v k T {r)\\ldr+ V -t\\Vv k {t)\\l + - |V« fc (t)| 2 )*||* 
Jo 2 p 

= £ f\\Vv k (T)\\ldr+ l - f t \\( P +\Vv k (r)\^\\Pdr<cB(^v ), 
L Jo V Jo 

with B given in (3.5). Hence, in particular, we obtain 

v k \\ L 2 {0 , T;LHQ)) +t\\\7v k (t)\\P < c%u ). (A.21) 



p 

2 



Let us consider (A. 8). Multiplication by t gives 

lf t (t 2 \M) + »t 2 \\W k \\t + (p- l)i 2 ||( M + \Wv k \^ Wv k \\l < 1 1| ^|| 2 . (A.22) 

Integrating inequality (A.22) from to t, and then estimating the right-hand side via 
(A.20), we get 

t 2 \\v k {t)\\l+2 V f^\\Vv k (r)\\ldr 

,t Jo r t (A-23) 

+2(p-l) / r 2 ||( A1 +|V« fc (r)| 2 )^V^(r)|| 2 dr<2 / r || v k T (r)\\ 2 2 dr < cB, 
Jo Jo 

which ensures that tWv k € L 2 (0, T; L 2 (fl)), non-uniformly in v > 0. Finally, by using 
estimates (A.20) and (A. 23), we can apply Lemma A. 1, with g — Vv k , F = Vw fc , S\ = -, 
5 2 = 1, hence S — and obtain 



ft 

p + 2 



[ T^WVv^WldTKcB-p^Vc). (A.24) 
Jo 
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The previous bounds (A. 21), (A. 23) and (A. 24) ensure that, up to subsequences, in the 
limit of k — > oo: 

t^Wv k ^-t^Wv in L°°(0,T;L p (n)) weakly- *, 

tv k t tv t in L°°(0, T; L 2 (ft)) weakly - *, 
tA„(v*) - t Xt in L 2 (0,T; W" 1 ' 2 ^)) weakly, 
t^Vwf -» i^Vw t in L 2 (0, T; i p (0)) weakly, 
and completes the proof. 

□ 

Proof of Corollary 3.2 - Let us consider the Galerkin approximations (A. 3). Let 
us multiply (A. 5) by XjCjk and sum over j. By observing that (v k , J2j=i ^j c jk a j) = 
(v k , —Av k ) = Vw fe || 2 , recalling Lemma2.1 and using Cauchy's inequality, we get 

~\\Vv k \\j + v\\Av k \\ 2 + ||( M + |Wf )^ A^|| 2 

(A.25) 

< ((2-p)C 1 + £) ||( M + |Wf)^A V fe || 2 + g (||V W fc ||£ + A1 5|fi|) , 

for any 5 > 0. Hence, since p > p > §, choosing <5 = 1 — (2 — p)Ci = C(p) we get the 
inequality 

|||V^|| 2 + C(p) ||<A* + IV^Y^A^H 2 < C\\Vv% + C^\Q\ . (A.26) 
By using that v £ Wq' 2 {£1), integrating (A.26) from to t, we have 

\\Vv k (t)\\l + C(p) f IK/i + lV^WI^^A^MHidr 
Jo 

< ||V«o||i + C / (\\Vv k (r)\\P+ C^\Q\)dr, 
Jo 

which ensures that X7v k G L°°(0, T; L 2 (Q)) uniformly with respect to k, and, applying 
ones again Lemma 2.1, (fi + \Wv k \ 2 )^ E r^ D 2 v k e L 2 (fl) uniformly with respect to k. 
Moreover, by using estimates (A. 13), (A. 14) and (A. 15), and employing Lemma A. 1, 
with g = D 2 v k , F = Vv k , Si = S 2 = S = 0, we obtain 

f \\D 2 v k (r)\\ 2 p dr 
Jo 

< ||(M+|V^| 2 )^|| 2 - p (0iT;it)(a)) £ \\a(»,v k (r))i D 2 v k (r)\\ 2 dT <C(B(», Vo ),n 

If we do not exploit the W ' - regularity of the initial data, but just its L 2 -integrability, we 
can argue as follows. Throughout this proof, we denote B(fi, v ) just by B. Multiplication 
of (A.26) by t a , for some a > 1 that will be specified later, gives 

j t (t a \\Vv k \\ 2 ) + C( P )t a + |Wf)^At; fe || 2 
< at*- 1 \\Wv k \\ 2 2 + Ct a \\Vv k \\l + Ct a ^\fl\ . 
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An integration from to t gives 

e\\Vv k (t)\\l+C(p) f r a \\^+\Vv k (r)\ 2 )^Av k (T)\\ldr 

t t ( A - 27 ) 

<aj T a - 1 \\Vv k (T)\\ 2 2 dT + C J (r a \\Vv k {T)\\l+ T a ^\n\) dr. 

For the first integral on the right-hand side we argue as follows. Observing that p > 
by using a Gagliardo-Nirenberg inequality we get 

\\Vv k \\i < C\\Div%«\\Vv%^\ a = n(± - ±) e (0, 1) . 

Observing that 

pV||^<||( M + |v^| 2 )^i?V|||||(M + |v^| 2 )^|^, 

we have 

\\Vv k (T)\\i < C ||(/x + |V« fc | 2 )^i5V||i + |Wf ^ll^" ||V W fe || 2 ( 1 - a ) , 

and, by Cauchy's inequality, for any 8 > 0, we get 
r a - 1 \\Vv k (r)\\l 

< V|| a (^,^)iW|| 2 + gr«-x^||(^ + |V U fc | 2 )^||^||V^|| 2 (A.28) 

X (~1 (2-p)a C 2-pa 

<-r Q || a ( Ai , U fe )^V|| 2 +-r«-T^ M ^||V« fe || 2 + 7 r«-T^||V^|| p 1 -V 

The first term on the right-hand side can be estimated using Lemma 2.1. Let us integrate 
the last two terms on the right-hand side of (A.28) from and t. Since 

2-pa ft 2-p 

r^-^HV^WHp 1 - dr= / r a -T^\\Vv k {r)U-\\Vv k {rW p dr, 
Jo 

by choosing a in such a way that 

Q/ — 1— 

a ~ 1-a ^ p(l-a)' 

hence a as in (3.6), and then using (A. 21) and (A. 11), we get 

/"* 1 , 2=22. 2-p ft , 2-ap 

/ T a - — \\S7v k {T)\\ p 1 - a dT<B^^y \\\7v k (T)\\PdT<B^T^. 
Jo Jo 

Fixed a, in a similar way we also get 

' r-T^ || \7v k (r)\\l dr = f r^T | V« fc (r)|| 2 ^ || V« fe (r)ll£ dr 
n Jo 

_ ft 

<B^t^^a- / \\\7v k (T)\\ p p dT<Bh^^. 
Jo 
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Therefore, integrating (A. 28) from to t and using the previous estimates for the terms 
on the right-hand side, we obtain 

f T xx - 1 \\Vv k (r)\\ldT<C 1 i f T a \\a(^v k (r)^Av k (r)\\ 2 2 dT 
Jo 1 Jo 

+C S - jy(\\Vv(r)\\* + M f |n|) dr + g M Mt^t B i t^^, + g B ^ . 
Inserting this estimate in (A. 27), then choosing 8 — and using (A. 20), we arrive at 
t a \\Vv k (t)\\ 2 +^f-f r a \\a(^v k )i Av k (r)\\ 2 2 dr 

(2-p)a 2 2-p a C 2-ap - 

< Cu^^T Bp t~— + — B : ^^> + cBt a + cBt a+1 . 

2d 

Observing that < a, and defining Mp) = hif*-**^) = p (2^"(2-p)) )' 

as in (3.7) the above estimate shows in particular that t (il ^Vv k e i°°(0, T; i 2 (0)). 
This estimate, together with Vv k € C(e,T; L p (il)), which follows from Corollary 3.1, 
gives t l3l ^Vv k e C«,(0, T; L 2 (Q)). The strong continuity can be obtained as follows. 
From (A. 26) we have, for any t > s > 0, 

\\Vv k (t)\\t<C [\\\Vv k (T)\\l+C^\n\)dr+\\Vv k (s)\\l (A.29) 

J s 

By using the identity 

\\Vv k (t) Vv k (s)\\ 2 = \\Vv k (t)\\ 2 + \\Vv k (s)\\ 2 2(Vv k (t),Vv k (s)) , 

then estimate (A.29) and the the weak continuity of \7v k (t) in L 2 (Q) we get the result. 

Finally, by applying LemmaA.l, with g = D 2 v k , F — Vv k , 8\ = |, S 2 = § , hence 
6 = and obtain 

f r^\\D 2 v k (r)\\ 2 p dr 

<t^ E \\{n + \Vv k \ 2 )i\\ 2 p - p [ T a \\a{ i i 1 v k {T)) 1 2 D 2 v k { T )\\ 2 dT < C(B,T). 

Jo 

The previous bounds, all uniform with respect to k, ensure the weak-* convergence of a 
subsequence of {f^W \7v k } in the space L°°(0, T; L 2 (Q)) and, recalling the expression of 
h{p) given in (3.7), the weak convergence of a subsequence of \t^^> D 2 v k } in the space 
L 2 (0, T; L P (Q)), as k — > oo, uniformly in /i. From Proposition 3.1, we get that the limit 
solution v of (3.2) satisfies Vv e L°°(0, T; i 2 (0)) and w € £ 2 (0, T; VK 2 ' p (0)). 

□ 
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